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Abstract 

The general notion of distance dependent statistics in anyon-like systems is 
discussed. The two-body problem for such statistics is considered, the general 
formula for the second virial coefficient is derived and it is shown that in the 
limiting cases it reproduces the known results for ideal anyons. 



In recent years, essential progress had been achieved in solving various problems of 
anyon quantum mechanics. Such problems arise in two space dimensions and consist 
in finding those solutions of a Schrodinger equation 

= (1) 

which satisfy the interchange conditions 

Vjk'if = exp(27r5)$ (2) 

for each j, k , where Vjk is the operator of anticlockwise interchange of particles j, k . 
Up to now, many exact and approximate results have been obtained concerning the 
two-anyon |^, three-anyon ||, ^, four-anyon 0, iV-anyon |[ problems, and 
connection with fractional quantum Hall effect and high-Tc superconductivity 
was widely discussed. 

It is, however, natural to put a question: Is the whole matter relevant to real life? 
Indeed, there is no doubt that bosons and fermions do exist in nature, but there is 
as well no doubt that particles with "intrinsic" anyonic statistics do not exist — at 
least because the real world is three-dimensional. It is only possible to "imitate" this 
statistics with interaction. One possibility (we do not argue it to be the only one) is 
the Chern-Simons gauge field model. If a conserved current is coupled to such field 
so that 

C = Cg-J^.A'^ , (3) 
£g = ^ae'^^'^M'^.A , (4) 

then a single charge j'^ = eS^6'^{r) gives rise to the vector potential with the only 
non- vanishing component 

Mrl = (5) 

2 

where A = , r = |r| . This is precisely the potential that figures in the Aharonov- 
Bohm effect and leads to the additional interchange phase 6 = A. In three dimensions 
such picture is possible if the objects in question are stretched in one direction, i.e. if 
they are, for example, vortex-like excitations. 

It has been shown that under certain conditions the Chern-Simons term can be 



generated as part of gauge field effective action In this way, anyons can arise in 
real physical models. From this point of view, we would like to investigate the case 
when the gauge field Lagrangian is not just the Chern-Simons term but rather the sum 

CG = Co + ^ae'^''^A^d,A, . (6) 

The most natural candidate for Cq is the Maxwell term —^F^yF^^ , which can either be 
present in the theory from the very beginning or be generated as a quantum correction. 
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as mentioned in |T2|. There may, however, be other terms — hke, for example, 



in Higgs-hke models ||T3|. 



Let there again be a static charge in the origin. Solving the field equations cor- 
responding to the Lagrangian (0),(|^) yields — the potential produced by this 
charge. If Cq does not contain time and angle explicitly, which we will assume to be 
the case, then this potential depends only on r . In Lorentz gauge, consequently, its 
radial component vanishes. Its temporal component is responsible for charge-charge 
interaction analogous to the Coulomb one. It has nothing to do with statistics, and in 
the present consideration we will not take it into account (assuming, for example, the 
values of the charges to be sufficiently small). There remains the angular component 
which is of main interest for us. Without any loss of generality we can write it as 

Mr) 

A,{r) = -^ . (7) 
er 

The function A(r) possesses clear physical sense: $(r) = _^ZL^M jg the fiux of the 
magnetic field created by the charge through the circle of radius r . Therefore in 
realistic cases it should be continuous and finite including the extreme values 

Ao = A(0) , A„o = A(oo) . (8) 
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For example, in Maxwell-Chern-Simons theory |12, 14| A(r) = ■ [1 — arKi{ar)\ so 

that Ao = and Aoo = 2^ . 

Consider now a quantum mechanical problem involving two charges. According to 
the general rules, the Hamiltonian of their relative motion is 

7^. = ^ + + (9) 

m mr'^ 

where f is the relative radius vector and V{r) is the mechanical interaction potential. 
If V corresponds to a central force, the angular part of the relative wavefunction is 
separated as 

^ = Xexp(i£0) (10) 

and the levels E^^ are determined from the family of equations of radial motion for 
partial waves 

nix = Kx (11) 

with 

= 

m mr^ 

Since the wave function behaves upon interchange as in (^ with 6 = i mod 2 , i has 
to be even (odd) integer for bosons (fermions). 

In the pure Chern-Simons case A(r) = A = const , the potential (^ is a pure gauge 
and can be annihilated by a gauge transformation. The transformed Hamiltonian is 
obtained from (^ by crossing out A(r) — so that for = it corresponds to non- 
interacting particles. Under the same transformation, the wave function changes so 



„5.P? + Ii±^ + ^„ . (12) 
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that for the new one Eq.(|^) takes place with 6 = A for bosons or 6 = 1 + A for 
fermions, and Eq.(|ll|) for the radial part does not change. We will use the term "ideal 
anyons" for the particles whose wave function satisfies (|^), and "5-anyons" for ideal 
anyons with specific 6. In this way, bosons or fermions interacting via the potential 
are completely equivalent to non-interacting A-anyons and (A + l)-anyons, respectively. 

Thus, constant A determines the statistics of the particles. By analogy, one might 
speak of the general case (^,® as of the one of particles with distance dependent 
statistics. Indeed, the term itself should not be understood too literally. In the case 
under consideration, the problem cannot be reduced to the one of non-interacting 
particles as it can be for ideal anyons. If the particles are somehow put into such 
conditions that r can vary through a range in which A(r) ^ A , then they will behave 
like A-anyons. (From now on we will assume the particles themselves to be bosons, 
unless otherwise specified.) For other range of r the "effective statistics" is other, and 
in this sense it "depends on distance". But if A(r) varies considerably in the actual 
range of r — which, generally speaking, is most likely to be the case — then the 
problem is not reduced to the one of ideal anyons and requires special consideration. 

For the A^-particle problem there is nothing principally new. The Hamiltonian is 

N (p- — eA-Y 

^iv = E 2m + • • • ' ""^^ ^^^^ 

where 

N 

^j = T.Mrj-rk) , (14) 

k=l 

A{f) being the vector potential produced by a single charge in the origin. For ideal 
anyons the AifjYs can be eliminated by a gauge transformation, for distance depending 
statistics they cannot. 

Generally speaking, a system characterized by the Hamiltonian (^) possesses three 
parameters of dimensionality of length: radius of the system R determined by the 
function V , its related average interparticle distance ^ ~ R/\/N ~ n~^/^ , n being 
the number of particles per unit area, and characteristic radius of interaction d such 
that A(r) differs weakly from Aq for r ^ d and from Aoo for r ^ d . For example, in 
Maxwell-Chern-Simons theory d = ^ . The structure of the energy levels of the system 
depends on the interrelation between these parameters. U d ^ R , the system behaves 
like that of Ao-anyons. In the opposite limiting case d <C ^ , one might expect to have 
Aoo-anyons. The latter, however, is in general not the case. Consider the problem of 
two particles connected by a non-extensible thread, i.e. the family of Hamiltonians 
(0) with 

Vir) = I ' ' - ^ . (15) 

The interparticle distance is bounded above by R and below by the centrifugal barrier. 
For d ^ R all is clear — the particles "feel" only A(r) with r ^ d , that is, Aq . 
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For d <^ R the situation is not so simple. The values of energy for low-lying levels 
are of the order of , hence the ratio for the corresponding left classical turning 
points is not much less than unity, so r ^ . In such states the particles feel only 
A(r) ~ and therefore, say, at sufficiently low temperatures, indeed, behave like 
Aoo-anyons. But for levels with energy and ^ ~ 1 the turning point is at r ~ ^= , 
and for sufficiently large K it may be r ~ d or even r <ti d . This means that at 
high temperatures the particles may feel the whole range of A(r) and as a result not 
necessarily be like Aoo-anyons. Note also that if for some i Aq = —i takes place, 
the centrifugal barrier may be absent for this i (as it is absent for bosons for £ = ). 
This, generally speaking, makes the properties of the particles to be closer to those of 
bosons. 

Thermodynamic properties of the system are influenced by one more parameter — 



thermal wavelength A = Y27r/mT ; the behavior of the system depends on how large 
is A compared to other distance scales. In this paper we will restrict ourselves to the 
simplest case of high temperatures, when A -C ^ . In this case one can apply the virial 
expansion of the equation of state which we will write as 

^ = 1 + aaA'n + agA V + . . . (16) 

To calculate the second virial coefficient 02 it is sufficient to solve the two-particle 
problem. Using Z2 [A{r),R] to denote the two-particle relative partition function, one 
has in accordance with the general theory [|1^, |^ 

a,[Air)]= -\-2rnnJz,[Air),R]-Zi-[R]} . (17) 

The exact expression for Z2 is 

00 

Z,[A{r),R]= Y: Z'AMr),R] (18) 

e=-oo 

where the summation is over even (odd) values of i for bosons (fermions) and the 
partial wave contribution is 

00 

Z',[Air),R] = J2ew{-PK) , (19) 

n=0 



being determined from Eq.(|Tl|). There is no common way to calculate the levels. 



but since we deal with high-temperature regime, the semiclassical method of Uhlenbeck 



and Beth |I6[ may be applied to the problem, as it was pointed out in ||T^. In this 
method the angular motion is quantized (summation over partial waves is not replaced 
by integration) but the radial motion is considered classically. That is, the exact value 
(pj|) is replaced by 

Zi[A{r),R] = — dpr drexp(-(3H^) . (20) 
Ztc J-oo Jo ^ ^ 
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Upon substituting (|1^) and integrating with respect to pr we obtain 



Zi[Air),R] 



V2\ 



R 



dr exp 



27T 



(21) 



For A(r) = const the r integration can be performed exactly. It is therefore convenient 
to rearrange the last equation using the formula 



/ (x, v{x)) dx = F {z, v{z)) 



G (x, v{x)) v\x) dx 



where 



F{z,y) = f{x,y) dx , G{x,y) = ^^^^'^^ 



f22) 



(23) 



Substituting the obtained expression in (ITj), we come eventually to the result 

«2[A(r)] = 



even 



E ( erfc 



\£ + Air)\\ 
V27t r 



d 
dr 



\i + A{r)\ dr 



(24) 



where 6oo = A^o mod 2 , erfc(z) = ^ exp(— x^) dx and the particles themselves 
are bosons. The result for fermions is easily obtained by changing A(r) — ^ A(r) + 1. 
Note that Eq.(|^) is invariant, as it should be, under the changes A(r) — A(r) and 
A(r) — s> — A(r) + 2. Therefore we will assume that < Aq < 2 and Aqo > Aq. 

For A(r) = const the last term vanishes, and one comes to the known exact quantum 
mechanical result for the second virial coefficient |]T^. It is the last term that is 
characteristic for distance dependent statistics and is subject to analysis. Its structure 
tells us that it depends essentially on the interrelation between A and d. One may fix 
d and observe the behavior of this term with A changing. 

First, let X ^ d. A considerable contribution to the integral is given only by such 
values of r for which the argument of erfc is not much more than unity. This can 
happen (a) for r > A , (b) in the vicinity of the point rg such that A(ro) = —i of width 
of the order of 



r-Q 



A|A'(ro)| 



and (c) for < r < p if in this region |£ + A(r) | behaves like kr . 

In the case (a) the contribution is small because r ^ d and ^A(r) ~ 0. In the case 
(b) the width of the vicinity and consequently its contribution tends to zero with A 
increasing. In the case (c) the contribution can be evaluated as kp ■ erfc (:^^) , which 
again tends to zero as A — oo . Thus, 



02 [A(r) 



A^oo 



1 
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(25) 



i.e., in this limit we have Aoo-anyons (or, which is the same, (5oo-anyons). 

Now, let A -C (i . At first, for simplicity we take 5oo < 2 . In the integral with £ = 
we replace erfc with unity, and the integral becomes |Aoo| — |Ao| = Soo — Sq , where 
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(5o = Aq mod 2 . The remaining sum can be evaluated as 



E 



erfc 



+ A(r) A 



27r r 



— erfc 



Afr) A 



27r r 



A(r) (ir 



(ir ■ - 
2 



■ 2 







exp 



27rr2 



oo 

Afr) — A(r) 







and substitution in 



dr 
yields 

a2 [A(r) 



-A^ - Ia^ 
2 ° 2 °^ 



^277 r dr 



2^° 



(26) 



(27) 



i.e., we have 6Q-anjons. For A^o > 2 the derivation is somewhat more complicated, the 
terms with — Aqo < i <0 having to be considered separately, but an accurate analysis 
1|] shows that for (Aoo - Ao)A/rf < 1 the result is still (|^. 

The results that we have obtained for the two limiting cases can be understood 
using simple qualitative considerations. It is known that at high temperatures the 
partition function of the Bose or Fermi gas in the first approximation coincides with 
that of the gas of classical particles interacting via an effective potential v{r) which 
differs considerably from zero only for r < X |]15|. In the classical language, the particles 
"feel themselves" bosons or fermions only when approaching each other for a distance 
of the order A . The same situation takes place for ideal anyons; it is easy to show that 
the effective potential for them is given by 



v{r) = —Tin 



1 + (1 - 25^) exp 



27rr" 



(28) 



This means that in our case the "effective statistics" should be A(r) averaged in a way 
over the range of the width of the order A but not ^ as one might naively assume. Thus, 
our particles should behave, roughly speaking, like 5efr-anyons where 6es is a quantity 
of the order of (^j Jq A(r) dr^ mod 2 . This evidently tends to 6o for A -C d and to 5oo 
for A > d . 

In this paper we have developed the general notion of distance dependent statistics, 
which can manifest itself, in particular, in two-dimensional systems of particles coupled 
to a gauge field the Lagrangian of which contains, among others, the Chern-Simons 
term. We have considered a gas of such particles at high temperatures and obtained 
the general formula for the second virial coefficient, from which it is seen how the 
behaviour of the gas depends on temperature and what are the limiting cases in which 
we effectively have ideal anyons. A more detailed consideration will be presented 
elsewhere |jl8|. 

I would like to express my gratitude to Prof. G.M.Zinovjev for useful advice and 
support and to E.Gorbar for fruitful discussions. 
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